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Calculations for diffusion in orthorhombic, monoclinic and triclinic subcells are reported. They show that
self-diffusion can occur and support a vacancy mechanism. Vacancy energies are much larger than the
barriers to molecular motion. Diffusion parallel to the basal plane can be by a rigid rod mechanism while
perpendicular requires a conformational jog to traverse the crystal boundary. The diffusion coefficients are in
order of magnitude agreement with the limited experimental data available. For a given subcell, diffusion
parallel to the basal plane is about an order of magnitude greater than perpendicular. Diffusion coefficients
for the triclinic subcell are larger than those in the other two. The computed coefficients are especially

sensitive to some of the parameters used.
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INTRODUCTION

Self-diffusion has an important influence upon
relaxations, recrystallization, crystal perfection and other
characteristics of the crystals of alkanes as well as
polyethylene. Measurements with tracers have shown
rather directly that self-diffusion can occur parallel to the
basal plane in n-eicosane single crystals'! and in
polyethylene single crystals after the folds have been
removed with nitric acid?. Neutron quasi-clastic
scattering has shown such diffusion in n-triacosane3, but
not in n-tritriacontane®>. There have been many
demonstrations of self-diffusion perpendicular to the
basal plane in alkanes, other small molecules and
polyethylene! ~°. In this article we report calculations
which we made some time ago!®!! for the energies
involved in self-diffusion of n-alkanes by the migration of
row vacancies.

COMPUTATIONAL METHOD AND MODEL

Vacancy migration

In closely packed alkane and polyethylene crystals
molecular interstitials would be expected to have very
high defect energies. Vacancies, on the other hand, have
been shown to have energies equal to that which a
molecule would have, were it to occupy the vacancy in the
crystal’2. Thus, it has been accepted that self-diffusion
would proceed by vacancy rather than interstitial
migration’. This is supported by the fact that the
activation enthalpy for self-diffusion is indeed of the order
of the heat of sublimation (i.e. the energy of a vacancy) for
a number of molecular crystals*®!3  If vacancy

0032-3861,/87/010086-07$3.00
© 1987 Butterworth & Co. (Publishers) Ltd.

86 POLYMER, 1987, Vol 28, January

migration is assumed to be the mechanism of self-
diffusion, the energy of the vacancy strongly affects the
diffusion. Since vacancy energies have not been reported
previously, they will be calculated for the crystals of
interest.

Diffusion parallel to the basal plane

Another factor affecting the diffusion is the energy
barrier to vacancy motion; that is, the energy barrier
which an adjacent molecule must surpass in order to fill
the vacancy and leave the vacancy at a new substitutional
site. One can imagine intramolecular twisting or rotating
mechanisms by which a long, flexible molecule can
translate parallel to the basal plane to fill a vacancy in a
segmental manner. However, for sufficiently short
alkanes, the energies should favour primarily a rigid rod
motion of the molecule. Some experimental data on
molecular motions can be interpreted in this manner®14,
Calculations have not been reported previously.
Therefore, these first calculations of the barrier are made
for a rigid molecule undergoing the translation and
rotation necessary to translate to an adjacent vacant site
in crystals of interest. As a consequence of this approach,
the vacancy energy discussed above is that of a row
vacancy equal in length to that of the alkane host.

Diffusion perpendicular to the basal plane

Because of its relevance to relaxations and the
annealing of polyethylene crystals, the transport of alkane
and polyethylene molecules along their axes has been the
subject of much interest. A number of models have been
proposed and the barriers to motion have been calculated



Figure 1 Schematic representations of the basal projection of the 19
chain arrays for the orthorhombic (top) and monoclinic/triclinic
(bottom) structures

for both rigid!>'® and flexible!’~!® transport of the
molecules. For the reasons discussed in the previous
section, rigid alkanes will be considered here. Thus, the
calculations will be basically the same as those reported
previously!®-'6, but the results will be cast in terms of
diffusion parameters and some discussion of kinking will
be presented.

Model

The computational method follows that described
previously'®2%. Chains of eight methylene units in the
planar zig-zag conformation were held internally rigid at
the bond angles and bond lengths used previously?°. The
chains were held parallel to one another, and were
allowed four degrees of freedom: three translations
parallel to the unit cell axes, and rotation about the chain
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axis. The position of a chain was defined in terms of the
fractional coordinates of the intersection of its chain axis
with a planar grid, normal to the chain axis, defined by
the a, b and gamma unit cell parameters. In the case of the
triclinic paraffin packing mode, the grid was defined by
the projections of these same parameters onto the plane
normal to the chain axes. Initial values for these cell
dimensions were those which gave the minimum energy
for the perfect crystal. The potential energy parameters of
Williams were used?!. The ¢ dimension was taken as
2.54 A

The minimization procedure was also the same as that
used previously!®2% A grid search method was
employed, using 0.01 increments in the fractional
positions f, and f,, a 0.05 increment in the fractional
position f,, and a one degree increment for the setting
angle. The minimum energy positions and orientations of
the chains were always determined sequentially,
minimizing one chain at a time, until all had been
adjusted. In every case, minimization was carried out in
the presence of all appropriate neighbouring chains.
Because of the small shifts that were observed in the first
cycle of minimization, the second cycle of sequential
adjustment, necessary in previous investigations of
methyl branches, was omitted. The final step was the
adjustment of the unit cell parameters.

The arrays for the calculations of vacancy diffusion in
the orthorhombic and monoclinic packing modes are
shown in projection on the basal plane in Figure 1. The
triclinic mode is identical to that for the monoclinic,
differing only in the translations of the chains normal to
the plane of projection. Specifically, the triclinic mode has
translations of 0.25 and 0.50 (f;) between neighbouring
chain segments in the @ and b cell directions, respectively.
Interactions between a chain and its close neighbours
were considered. An exception to this was necessary in
considering the motion of a vacancy in the array (or
equivalently, the motion of a chain into a vacancy). In
order to avoid a discontinuity in the calculated energy, it
was necessary to compute the interactions of the mobile
chain with all the chains surrounding both its initial and
final positions.

When a vacancy is present, there are six lateral
neighbours which potentially can exchange positions
with the vacancy. By virtue of symmetry, pairs of these are
identical. Therefore, for a vacancy originally located at
the positions designated 2, 3 or 7, a chain from the
position designated 1 was allowed to diffuse into the
vacancy in each type of crystal. These three cases will be
denoted as O12, O13 and O17, respectively, in the
orthorhombic array, as T12, T13 and T17 in the triclinic
array and as M12, M13 and M17 in the monoclinic array.
As might be anticipated from the arrangements of the
chains shown in Figure 1, cases O13, M13 and T13 were
very much higher in energy than the others. They could
not be accomplished without substantial enlargement of
the arrays at a correspondingly high cost in energy. They
were therefore eliminated from further consideration.

To investigate the diffusion of a chain into an adjacent
vacancy, the chain was moved stepwise from its initial to
its final position along the most direct path with respect to
its fractional coordinates. For example, in diffusion case
012, a chain originally at fractional coordinates (0.0,0.0)
was moved to coordinates (0.5,0.5) by incrementing both
J.and f, by 0.05 simultaneously. At each location along this
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path, a scan was made of the energy as a function of
orientation and f; position over their full unique ranges, at
intervals of 20 degrees and 0.05, respectively. In the same
way, for case M17, the f, coordinate was incremented in
steps of —0.10 for a chain originally at position 1 (0.0,0.0)
and ending at position 7 (0.0,—1.0). For the triclinic
crystal, translation in the ¢ direction was handled in
analogous fashion. From these data, energy contour
maps were drawn to determine the approximate position
of the highest energy point of the diffusion process. This
region was then surveyed in smaller disposition
increments. In some cases, the contour maps suggested
that more than one path might be possible; for example,
rotation followed by translation versus translation
followed by rotation. The energy associated with each
likely path was considered.

The saddle-point energies located in this manner
correspond to a situation in which the neighbouring
chains have not adjusted their dispositions to
accommodate the motion of the diffusing chain. They are
therefore best viewed as an upper bound of the energy
barrier to diffusion. A lower bound was computed by
fixing the diffusing chain at its saddle-point disposition,
and minimizing the energy by adjusting the dispositions
of the neighbouring chains. This relaxation of the array
was carried out as described above. When necessary, the
array was enlarged beyond the chains shown in Figure ]
to assure that all the chains involved in interactions with
the diffusing one would not be on the edge of the model.

RESULTS AND DISCUSSION

Energies

The excess energies of the row vacancies are given in
Table 1.1t was found that the energy of a vacancy is equal
to the total that a molecule in that position would have.
This is a consequence of the facts that, during the energy
minimization, the molecules surrounding the vacancy
exhibited no tendency ta shift to delocalize the density
deficiency and the overall dimensions of the array did not
change. These observations, which did not change as a
result of various modifications of the computational
procedure, are qualitatively similar to the calculated
results for other materials??. As will be seen, these
vacancy energies are an important component of the
activation energy for self diffusion in alkanes. The
energies in column 2 are for a single methylene group in a
single alkane crystalline array containing molecules
which are eight carbon atoms in length. The energies for a
stacked array of such crystals (as in a large octane single
crystal) would be a little different because of the end group
packing effects which are present at the interface between

Table 1 Excess energies of vacancies in various crystal structures

Structure of Energy of a CH, vacancy® Energy ofa CH, vacancy®

subcell kJ mol™%) (kJ mol™ 1)
Orthorhombic 11.45 15.38
Monoclinic 11.47 15.50
Triclinic 10.77 15.22

?Calculated from the excess energy for a row vacancy which is eight
carbon atoms long and located in the middle of a cluster of nineteen such
molecules

bCalculated from the energy of a CH, in the centre of an array of size
-sufficient to eliminate cut-off effects
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lamellar crystals and are not taken into account here?3.
Also the calculated energies are a little high because of end
effects associated with short molecules used. Therefore,
the energies were recalculated for a single methylene unit
in the centre of an array large enough to eliminate cut-off
effects. These are given in the third column of Table 1.
They represent the upper limit to the energy for a stacked
array of crystals. They agree well with values in the
literature and are probably better values than those in
column two?3. Note that these energies are twice the
lattice energy.

Consider the molecule in site one as it moves parallel to
the basal plane to a vacancy at site three of the
orthorhombic crystal in Figure 1. As discussed above, it
can rotate about as well as translate along its axis, and
there are many possible paths for it to follow to site three.
Therefore, the energy contour maps in Figure 2 were
made to show the energy as a function of setting-angle
and axial displacement at nine equally spaced positions
between the sites. With these, low-energy paths (with
respect to setting angle and axial displacement) to site
three were constructed. One such path for this case is
shown in Figure 3. If the positions of the surrounding
molecules at the peak of the barrier are allowed to relax,
the energy per methylene group decreases about
0.4kJ mol~!. In general there were a number of paths
with similar energy barriers for each crystal and pair of
sites. The lowest energy for each case is given in Table 2.
These energies are considerably smaller than those given
in Table 1 for vacancy energies and will be
correspondingly less important in determining the
activation energies for self-diffusion parallel to the basal
plane. The energies for a stacked array of such crystals
would be slightly different because of interface effects.

The path having the lowest energy barrier for motion of
the molecule parallel to its axis was determined in a
manner akin to that just described for motion parallel to
the basal plane and to that described previously'®. The
energies for the unrelaxed and relaxed crystals are given
in Table 3. As in the case of motion parallel to the basal
plane, these numbers are considerably smaller than the
vacancy energies. Therefore, the activation energy for
diffusion parallel to the molecular axis might also be
determined primarily by the vacancy energy. However,
there are some other factors that must be considered first.
The energies given in Table 3 are for a single layer crystal.
This means that the energies are a little too high for a
stacked array of such crystals because of end effects
associated with the protrusion from the crystal layer of
the molecule that is being moved. On the other hand, the
energies are too low for a stacked array because in reality
the molecules would have to *kink’ or ‘bend’ in order to
move from one crystal layer to the next. This is a
consequence of the fact that the axes of the molecules are
not colinear in successive layers of alkane crystals?42°, As
noted earlier, the energies associated with such defects
have been calculated. They can be significant. Their
consequences will be considered in the next section.

Diffusion coefficients

The results above can be used to estimate diffusion
coefficients for one-dimensional diffusion along the
direction of a single concentration gradient. The
following equation applies approximately to that
situation as well as to diffusion along the principal axes of
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Figure 2  Energy contour maps for translation () and rotation (9) for a molecular at position f,, f;,, enroute from site 1 to site.3 in the orthorhombic
environment. Contours are drawn at 1 kJ mol~! of CH, relative to the lowest energy (crystallographic) position. Regions are designated as follows: A, 0
to 1kJmol™! CH,; B, 1 to 2kJmol~! CH,; C, 2 to 3kImol~! CH,; D, 3 to 4kJmol ™! CH,; E, 4 to 5kimol~! CH,; F, >5kJmol~! CH,

a crystal with any arrangement of concentration
gradients:

z
D=1/2fw, Z e+ Bs,+As,)/R e—(AH,+AH,,,)/RTan coszﬂj (1)
i=1

Here AH, is the excess enthalpy of a diffusing defect and
AH,,; is the enthalpy barrier to motion (jumps) of a
molecule from one site to the jth of Z neighbouring sites.
The terms, AS, and AS,; are the corresponding
entropies. The jump distance is a; and the angle between
the jump direction and the direction of the concentration
gradient is 6;. At a very high temperature, the jump
attempt frequency is w,. The correlation factor, f, is
related to non-random jumps and has an upper limit of
(1-2/z). There are a number of approaches to elements of
equation (1) and it is susceptible to a variety of
refinements concerning non-random jumps, isotope
masses, variable diffusion coefficients, etc.2672%,
Nevertheless, it is useful to apply it to tracer diffusion for
the present crystals.

The energies given in Tables 1-3 are internal energies.
However, they can be taken as enthalpies because the
volume changes involved are zero or very small and the
pressure is one atmosphere. The enthalpy relevant to the
abundance of the vacancies will be taken to be one-half of
the values in Table I for the largest array. This is done
since the mechanism of vacancy creation is not by
sublimation of a molecule but relocation of a molecule to
the surface of the crystal to create a new substitutional
site. The factor one-half represents an estimate of the
energy recovered at the surface by virtue of a displaced
molecule remaining in association with the crystal
surface. The barrier enthalpies are taken as the unrelaxed
values in Tables 2 and 3. Since some data are available for
diffusion in n-eicosane, the various enthalpies are
calculated for twenty carbon atoms!. The entropies are
not easy to evaluate directly, but can be estimated by an
empirical equation3°:

AS=4aAH )

Here o is the thermal volume expansion coefficient. It
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Figure 3 Lowest energy pathway for a molecule moving from site 1
0.0,0.0) to site 3 (0.5, 0.5) in an orthorhombic environment. The
optimum translation £, (top), optimum orientation 8 (middle) and the
corresponding energies (bottom) are shown at the indicated f, f,
positions of the molecule which is 8 carbon atoms long

varies with the crystal thickness and can be taken as
6x1074°C~! for C,,"*1 734, The attempt frequency is
taken as 3.5 x 10'!, a value which was found suitable in
considering molecular relaxations of alkanes'®. The
correlation factor is taken as 0.83. Jump distances and
angles can be evaluated from the crystal structure since
the structure next to a vacancy did not change
significantly from that of the perfect crystal. The unit cell
parameters are given in Table 4.

For jumps between crystal layers, there are four
molecules which are close enough to move into each end
of a vacancy?423. As noted above, each of these must go
through a jog or kink in order to make the move. While
calculations have not been made for the exact geometry of
this situation, they have been made for a number of
related models!7~19:35, These have yielded a similar
range of energies. The value 34k) mol™"' is used here.
There have been fewer calculations of the barrier for the
jogs to move along the molecule or, alternatively, for the
molecule to move through the jog'®!°. The value
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17kJmol~! is used here. In the selection of these
numbers, the different packing environment at the
interface of the crystal layers has been considered.

The jogs thus lead to a different enthalpy of activation.
The enthalpy at the jog must be added appropriately to
the enthalpy of the vacancy since both are required before
the jump can occur. Further, the barrier for motion of the
molecule through the jog must be added appropriately to
the barrier for the carbon atoms not in the jog. Thus, as
the molecule begins to move out of the first crystal layer, it
will go over a short series of rapidly increasing barriers to
sites of rapidly increasing energy as the jog is formed. As
the molecule enters the second crystal, it will go over a
longer series of approximately constant barriers to a
series of states of approximately constant energy. These
barriers will be the sum of the barrier to move through the
jog and the barrier for the carbon atoms not in the jog to
move through the crystal. The energy of the states will be
the sum of the vacancy and jog energies. As the tail end of
the molecule leaves the first crystal, the process will
reverse and the molecule will go over a short series of
rapidly decreasing barriers to states of rapidly decreasing
energies as the jog is removed.

The situation above presents interesting questions. It is

Table 2 Energy barriers for molecular motion parallel to the basal
plane

Unrelaxed Relaxed
barrier for barrier for
Structure of a CH,? a CH,?
subcell Sites* (kJ mol™!) (kJ mol™1)
Orthorhombic 12;13 2.67 2.20
Monoclinic 1,2 3.14 2.54
1,7 1.46 1.28
Triclinic 12 2.80 2.30
1,7 1.29 1.13

“Numbered according to Figure 1. As noted in the text, symmetry leads
to another pair of sites identical in barrier to each of the ones given here.
The other possible pairs of sites which are not given here were found to
have much greater barriers

b Calculated from the barrier for a molecule which is eight carbon atoms
long and located in a cluster. As described in the text the region near the
peak of the curves such as that in Figure3 were surveyed in finer
increments to yield the values here

Table 3 Energy barriers for motion parallel to the molecular axis

Unrelaxed barrier Relaxed barrier

Structure for a CH,* for a CH,"
of subcell (kJ mol 1) (kJ mol™)
Orthorhombic 2.44 1.77
Monoclinic 2.68 2.02
Triclinic 1.76 1.10

“Calculated from the barrier for a molecule which is eight carbon atoms
long and located in the middle of a cluster of nineteen such molecules

Table 4 Unit cell parameters for minimum energy®

Structure of a b o B y
subcell (A) A) (deg) (deg) (deg)
Orthorhombic 7.26 494 90 920 920
Monoclinic 453 4.08 90 90 104
Trickinic? 4.63 4.25 82.1 72.6 107.6

“ As noted in the text the zig-zag repeat was taken at 2.54 A
®The triclinic dimensions presume the experimentally observed
staggering between molecules



Table 5 Diffusion parameters calculated for n-icosane
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Structure of Diffusion A° B* C® E* D at 296.7K
subcell direction (m%2s™1) (kJ mol™ 1) (m?s™Y) (kJ mol™}) m2s™ )
Orthorhombic a 48x 108 207 0 0 2.7x10718
b 22x10'8 207 0 0 1.3x10718
Llab 7.0x 10?2 235 0 0 5.5x1071°
Monoclinic a 8.3 x 10'? 218 2.5x 104 184 2.1x10°18
b 49x10'8 218 4.2 x 1013 184 2.5x 10717
Lab 2.9x 10?3 240 0 0 3.1x1071°
Triclinic a® 49x10'8 208 6.9x10'3 178 70x10718
bb 4.5x10'7 208 7.6 x 1014 178 5.6x10717
Lab 3.6 x 10%! 225 0 0 1.6x10°18

“ Parameters for equation (3) in the text

*In these cases, a third set of parameters which take account of the contributions from diffusion along the molecular axis are negligible

akin to multiple site relaxation states with a variety of
barriers and energies. Many of these have been analysed
and that approach could be applied here3*~3°. The
situation can also be approximated by passage over a
double parabolic barrier!®. In this approach, the
activation enthalpy i1s the total of all the quantities
discussed above and the entropy is a similar sum.
Furthermore, the pre-exponential term is multiplied by
lo/21 where [, is the repeat distance and [ is the molecular
length. For jumping over multiple barriers of equal
height, the approaches are equivalent'®-3°. The latter one
is used as an approximation here.

All the results can be represented by an equation of the
form:

D= Ae BRT 4 CeERT 3)

Here D is the diffusion coefficient; 4 and C are pre-
exponential factors; and B and E are activation
enthalpies. The values given in Table 5 show that diffusion
by a vacancy mechanism can certainly occur both parallel
and perpendicular to the basal plane for all three subcells.
In general, the greatest diffusion occurs in the triclinic
subcell. Diffusion parallel to the basal plane is greater
than that perpendicular to it. The activation enthalpies
are all of the order of 200kJ mol~!. Subsequent to our
original work, tracer diffusion measurements were
reported for n-eicosane and stearic acid single
crystals'-6-'% In that work both the activation enthalpies
for diffusion perpendicular to the basal plane and the pre-
exponential factors are greater than these in Table 5.
Nevertheless, the diffusion coefficients calculated here are
in order of magnitude agreement with experimental
values. A strict comparison cannot be made with the
experimental diffusion parallel to the basal plane since it
was dominated by pipe diffusion. It should be noted that
the computed coefficients are especially sensitive to the
parameters used. Among these, the values computed from
equation (2) for AS, the value of w, as well as the values of
the enthalpies for perpendicular diffusion are important.

CONCLUSION

Semiempirical energy calculations have been used to
study the process of self-diffusion in n-alkane crystals.
The results show that the greatest factor in determining
the diffusion coefficient is the energy associated with
having a vacancy into which a molecule may move. The
energy associated with the barrier to the actual molecular

motion is relatively less important. For diffusion parallel
to the basal plane of the n-alkane crystals, self-diffusion is
most likely a rigid rod motion. Diffusion normal to the
basal plane must entail a conformational jog to
accomplish interlayer diffusion. Diffusion coefficients for
orthorhombic, monoclinic and triclinic subcells are
generally similar in a particular crystallographic
direction. Considering the computational approxi-
marions and the experimental difficulties involved, the
calculated diffusion coefficients are in reasonable
agreement with the limited experimental data available.

There are several opportunities for future work. There
is a strong need for experimental diffusion coefficients for
single crystals of alkanes of high purity and perfection. In
order to provide the needed energies, modelling of the
specific jogs for interlayer transport of the molecules
should be carried out. There is an opportunity for more
theoretical work on the jump kinetics of linear molecules,
especially between layers. Finally there is a need to
determine the excess enthalpy and entropy of vacancies
experimentally using phenomena such as positron
annihilation on the thermal generation of vacancies and
substitutional sites!3-49,
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